A tutorial presentation is given of the interaction between a high frequency electrostatic wave and a plasma. The analysis is carried out in several consecutive simple steps, starting from electrostatic plasma waves in a cold plasma and successively introducing complications like streaming electrons, the two stream instability and eventually the Landau damping phenomenon. The analysis is based only on cold plasma fluid theory and does not involve kinetic Vlasov theory.
I. INTRODUCTION
Landau damping is one of the most fundamental and important phenomena associated with the interaction between waves and particles in plasmas. It is also interesting from the point of view that it is an inherently kinetic phenomenon, which does not appear in a fluid description but only in a kinetic Vlasov approach. This implies that in an introductory plasma physics course, based on a fluid description, the fascinating phenomenon of Landau damping is usually omitted.
Many different tutorial aspects of Landau damping have been discussed over the years. These studies can broadly be grouped into two classes: ͑i͒ the first class is devoted to elucidating the basic physics involved in the Landau damping phenomenon and ͑ii͒ the second class is aimed at clarifying different formal problems associated with the complex integration of the Landau integral. A clear and comprehensive review of the situation was recently published in Ref. 1, which contains a new detailed discussion of the complex integration in terms of resonant and nonresonant particles. Reference 1 also contains many references to previous works on Landau damping including examples of many systems where Landau damping is important. Although originally derived within the context of electrostatic oscillations in a plasma, the Landau damping phenomenon has a much broader significance and also appears in many different physical applications ranging ''from plasmas to quarks to the flashing of fireflies'' as suggestively expressed in Ref. 1 . This reference also contains a very nice and comprehensive overview of the physics of Landau damping. It is fascinating that the phenomenon continues to turn up in the most unexpected situations, e.g., a Landau-type damping of electromagnetic wave packets has recently been found 2 and shown to be important for the description of partially incoherent optical wave dynamics in nonlinear media. 3 As pointed out in Ref. 4 , many of the previous investigations are complementary and add to the understanding of different aspects of the Landau damping. However, a drawback common to many of these investigations is that they tend to be rather lengthy and technical, and although the different steps are comparatively easy, the overall impression is that the analysis is not suitable for a first presentation of the Landau damping for, e.g., undergraduate students. We feel that in a first encounter with Landau damping, some mathematical rigour can be sacrificed in order to convey a first intuitive picture of the phenomenon.
The present analysis is an effort to provide an intuitive generalization of the cold plasma wave theory to allow for the interaction between an electrostatic plasma wave and a continuous distribution of electron beams with different velocities co-propagating in a background of neutralizing immobile ions. The analysis starts by considering high frequency electrostatic plasma waves within a cold plasma description. Two cases are analyzed, one in which the electron fluid is at rest and another when the electron fluid is moving with a velocity v 0 with respect to the neutralizing stationary ion background. It is shown that in the latter case the characteristic plasma oscillation frequency is simply shifted by the Doppler frequency. In the next step it is assumed that the electron fluid consists of two species, one at rest relative to the stationary ion background, the other moving with a velocity v 0 . The corresponding dispersion relation linking the frequency and the wave number of the wave is then found and analyzed. In particular, it is shown that an instability-the two stream instability-may appear when the Doppler shifted frequency is comparable to the plasma frequency of the electron fluid at rest and the velocity of the streaming electrons is comparable but slightly larger than the phase velocity of the wave.
The analysis is then generalized by first considering a large number of interstreaming electron fluids, each characterized by its density and velocity relative to the rest frame. In the final step, the infinite sum over electron beams is generalized to an integral over an electron velocity distribution and the characteristic dispersion relation containing the kinetic effect of the Landau damping is derived without going into the details required for mathematical rigor. Finally, the physics involved in the Landau damping process is discussed and the possibility of wave growth in the presence of a high energy electron beam, the bump on tail instability, is mentioned and compared to the two stream instability in the cold two fluid description.
II. BASIC EQUATIONS
In our analysis we assume that a plane high frequency electrostatic electron plasma wave is propagating in the x direction in a homogeneous plasma. Due to the high oscillation frequency of the plasma wave, the plasma ions can be considered as a stationary neutralizing background. The relevant equations determining the interaction between the electron plasma wave and the plasma electrons are the equations of motion and continuity for the electron fluid together with Poisson's equation, which provides the self-consistent coupling between the electrostatic wave and the electron motion. Since the electron velocity, the electrostatic electric field as well as the propagation vector all lie in the x direction, the problem is truly one-dimensional and the governing equations read
where v and n denote the velocity and density, respectively, of the electron fluid and E is the electrostatic electric field. Furthermore, n 0 is the constant density of the neutralizing ion background, e and m are the electron charge and mass, respectively, and 0 is the dielectric constant in vacuum.
III. PLASMA OSCILLATIONS
In order to analyze the characteristic propagation properties of the electron plasma wave, we consider the evolution of small perturbations of density, velocity and electric field on a stationary and homogeneous background according to
where index 0 denotes a stationary and homogeneous equilibrium quantity and index 1 denotes a small perturbation around the corresponding equilibrium quantity. In the following we will consider a situation where the equilibrium electric field is zero, i.e., E 0 ϭ0. Let us furthermore assume that the background electrons are stationary with respect to the background ions, i.e., v 0 ϭ0. Inserting Eq. ͑2͒ into Eq. ͑1͒ and linearizing, i.e., keeping only terms linear in the small wave quantities, we obtain
Looking for travelling plane wave solutions proportional to exp͓i(kxϪt)͔ and with constant amplitude, where and k are the frequency and wave number, respectively, of the electron plasma wave, Eq. ͑3͒ can be written as
Eliminating v 1 and n 1 from the two first equations, Poisson's equation reduces to
where we have introduced the characteristic plasma frequency, p , defined by p 2 ϭn 0 e 2 /( 0 m). Clearly, in order to have nontrivial solutions of Eq. ͑5͒ we must require that ϭϮ p , which is the classical result: the frequency of the electrostatic wave has a frequency equal to the plasma frequency.
Consider next a situation when the undisturbed situation corresponds to an electron fluid streaming through a neutralizing stationary ion background. In this case the zero order velocity of the electron fluid does not vanish, i.e., v 0 0. Linearizing as before around the background solution, Eq. ͑3͒ becomes
The transformed equations now read
Eliminating n 1 and v 1 as before and substituting into Poisson's equation, we find
͑8͒
The corresponding condition for nontrivial solutions becomes
where we have introduced D ϭkv 0 . This result is obviously expected, the characteristic oscillation frequency of the previous case is now shifted by the Doppler frequency, D , due to the streaming electron velocity.
IV. THE TWO STREAM INSTABILITY
We now take a further generalizing step by combining the two previously studied cases. We assume that the electron fluid consists of two fluid species, one at rest relative to the stationary ion background, the other moving with a velocity v 0 . The densities of the two fluids are denoted n 01 and n 02 , respectively. The condition of plasma neutrality requires that n 0 ϭn 01 ϩn 02 .
The dynamics of an electrostatic wave propagating in such a medium is determined by separate equations of motion and continuity for the two electron fluids, in fact Eqs. ͑3a͒ and ͑3b͒ and ͑4a͒ and ͑4b͒. However, Poisson's equation couples the dynamics of the two fluids and the electrostatic wave field. It is obvious that Poisson's equation in this case becomes, cf. Eqs. ͑4c͒ and ͑7c͒,
where n 11 and n 21 denote the small perturbations on the electron fluid densities due to the electrostatic field. Solving as before for n 11 and n 21 , Poisson's equation can be written as
which leads to the dispersion relation 1ϭ p1
where p1 and p2 are the characteristic plasma frequencies of the two electron fluids. The general solution of Eq. ͑12͒, being a quartic equation in , is possible to find analytically, but this is complicated and is in fact not necessary for the present purpose. The properties of the solution can be obtained by considering the characteristic function F() defined by the RHS of Eq. ͑12͒, i.e.,
F͑ ͒ϵ p1
The function F() has two vertical asymptotes, at ϭ0 and ϭ D . It is clear that if D is sufficiently large, the function F() looks qualitatively as in Fig. 1 . Consequently, the roots of Eq. ͑12͒ are well separated and can be found approximately as
i.e., we regain essentially the characteristic oscillation frequencies of our previous single fluid cases, Eqs. ͑5͒ and ͑8͒. However, if D is comparable to p1 , the situation becomes more intricate. The qualitative features of the solution of Eq. ͑12͒ can be inferred by looking at the point where the function F() has a minimum. It is trivial to show that this occurs at
where for simplicity we have introduced the parameter ␣ ϭ p2 / p1 . The minimum value of F is
Let us simplify our analysis by assuming that the density of the streaming electron fluid is much smaller than that of the stationary fluid, i.e., n 02 Ӷn 01 or equivalently p2 Ӷ p1 , i.e., ␣Ӷ1. In this limit we have
), F min is less than unity, and the equation F()ϭ1 has four real roots, approximately determined by Eq. ͑14͒. However, consider now the situation when p 1 2 / D 2 Ͼ1Ϫ3␣ 3/3 . In this case F min Ͼ1 and the equation F()ϭ1 only has two real roots, one less than Ϫ p1 and the other larger than D ϩ p2 , cf. Fig. 2 . The remaining roots are complex and the complex conjugate of each other, i.e., ϭ re Ϯi im . This implies a completely new phenomenon-the electrostatic wave amplitude has a solution ͑the one corresponding to the plus sign͒ which grows in time during propagation as exp͓i(kxϪ re t) ϩ im t͔. This phenomenon is called the two stream instability. The growth rate of the instability can be obtained approximately as follows: Let us expand F() around its minimum point, i.e., we write
The equation F()ϭ1 then simplifies to a second order equation in and since FЈ( m )ϭ0 and FЉ( m )Ͼ0, the solution is simply ͓assuming F( m )Ͼ1͔
i.e., the real and imaginary parts of are given by
.
͑20͒
The expression for im can be evaluated exactly to read
. ͑21͒ In the limit ␣Ӷ1, the real and imaginary parts of the wave frequency simplify to
We emphasize that the real part of the oscillation frequency is close to, but less than, the Doppler shift, D . In fact, the relation re ϭkv 0 (1Ϫ␣ 2/3 ) implies that the phase velocity of the wave, v f , is given by
Thus, the instability occurs when the electrostatic wave and the streaming electron fluid are close to being in resonance, v f Ϸv 0 . In this situation, the coupling between the streaming electrons and the wave becomes very strong and energy is transferred from the electrons, which are moving with a velocity slightly larger than the phase velocity, to the wave, which grows. This mechanism is also the physical basis for the Landau damping phenomenon to be discussed in the next section.
V. LANDAU DAMPING
In view of the steps taken in Secs. II and III, it is straightforward to generalize the dispersion relation given by Eq. ͑12͒ to a situation where the electron fluid is composed of a large number of interstreaming electron fluids, each characterized by its streaming velocity, v j , and its density, n 0 j , or rather its plasma frequency p j . The density of each electron fluid is more conveniently expressed as n 0 j ϭ f i n 0 , where n 0 is the background ion density and f j is the fractional density of the fluid j. Note that
The proper generalization of Eq. ͑12͒ is
where p0 is the plasma frequency corresponding to the background density, n 0 . The last step of generalization can now be taken by assuming that the electron fluid consists of electrons of all velocities, the corresponding electron density being determined by a normalized distribution function, f (v), where n 0 f (v)dv is the total number of electrons in the infinitesimal velocity range between v and vϩdv. The fractional density f j in Eq. ͑25͒ is then replaced by f (v)dv, the sum turns into an integral and the dispersion relation becomes
A partial integration of the integral in Eq. ͑26͒ gives the following dispersion relation:
where it is assumed that f (Ϯϱ)ϭ0. We emphasize that Eq. ͑27͒ is exactly the same dispersion relation as is obtained from a fully kinetic treatment of the electron wave interaction based on the collisionless Vlasov equation for plasma electrons. From our experience with the two stream instability we infer that when calculating the integral in Eq. ͑26͒ or Eq. ͑27͒, some care must be taken with those electrons which have velocities close to the phase velocity of the wave, i.e., for vϭ/k, where, in fact, the integral becomes singular. However, the theory of analytical functions supplies the recipe for evaluating this integral. The result contains two contributions, the principal value ͑PV͒ due to the main body of the distribution and half the residue contribution ͑Res͒ due to the resonant electrons at vϭ/k where the denominator of the integral vanishes cf. Refs. 4 -6. This gives
͑28͒
Assuming that the phase velocity of the wave is much larger than the velocities in the bulk of the distribution, we can expand the denominator around vϭ0 when evaluating the principal value. This yields PVϭ 1
The different integrals in Eq. ͑29͒ can easily be evaluated by partial integration and by using the following properties of f (v):
͑ thermal velocity of distribution defined in the rms sense͒.
The principal value then becomes
and the residue integral is
͑32͒
This implies that the dispersion relation can be written
͑33͒
The thermal as well as resonant contributions in Eq. ͑33͒ are small and to lowest order the dispersion relation reduces to our previous result from Sec. II, viz.
2 Ϸ p0 2 . Using this approximation perturbatively to simplify the correction terms we obtain the dispersion relation in the form In order to interpret this result we note that the two-stream instability implies that electrons with velocities almost equal to but slightly higher than the phase velocity of the wave cause an increase of the wave amplitude. The concomitant increasing energy of the wave must cause a slowing down of the fast electrons. Conversely, we expect that electrons, which are moving with velocities almost equal to but slightly slower than the phase velocity of the wave, will gain energy from the wave, thus increasing their speed at the expense of the wave energy, which consequently decreases. If around the resonant velocity, there are as many electrons moving faster as there are electrons moving slower, i.e., the electron distribution function has a plateau with f Ј(v)ϭ0, no energy transfer will take place between the wave and the electron fluid, i.e., im should be zero, as indeed is predicted by Eq.
͑35͒.
For an ordinary, e.g., Maxwellian, velocity distribution, the distribution function is a decreasing function of velocity, the derivative at the resonant velocity, /k, is negative, and the wave experiences the famous Landau damping. The physical mechanism behind the damping mechanism is intuitively clear; there are more electrons moving slightly slower than electrons moving slightly faster than the phase velocity of the wave and the net energy transfer must be from the wave and to the electrons.
On the other hand, consider a situation where the electron fluid consists of a background Maxwellian electron plasma and another ͑small͒ electron fluid component streaming with a high mean velocity v 0 relative to the stationary background, cf. Fig. 3 . Then clearly the total electron distribution function will be increasing in a small velocity range close to, but less than, v 0 . This implies that in this velocity range, f Ј(v)Ͼ0 and the wave becomes amplified due to the waveparticle interaction. This instability is the ''bump on tail instability'' and is a direct analogy to the two stream instability considered in Sec. II.
Finally we note that the integration of the singular integral in the dispersion relation is based on the theory of complex functions, without however, making sure that the integral does indeed fulfil the mathematical requirements for convergence. This point has been addressed in a number of tutorial investigations, cf. Ref. 4 , and references therein. We feel that in a first encounter with an unfamiliar field some mathematical rigour may be sacrificed in order to obtain an intuitive picture of fascinating physical phenomena. Obviously, a more detailed analysis must later be given in order for the students to fully appreciate the subtlety of the phenomenon.
VI. CONCLUSIONS AND FINAL COMMENTS
The present analysis is an effort to introduce the inherently kinetic effect of the Landau damping using cold plasma fluid theory only. The presentation contains several generalizing steps and proceeds in such a way as to emphasize the natural development of cold plasma fluid concepts into a picture containing kinetic concepts like the Landau damping phenomenon. The analysis admittedly sweeps some formal mathematical problems under the carpet in order to concentrate on the physics involved in the wave particle interaction. Finally the kinetic bump on tail instability is discussed and compared to the two stream instability appearing in the cold plasma theory. 
